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ON FOX SPACES AND JACOBI IDENTITIES
MAREK GOLASIN´SKI, DACIBERG GONC¸ALVES, AND PETER WONG
Abstract. In 1945, R. Fox introduced the so-called Fox torus homotopy groups in which
the usual homotopy groups are embedded and their Whitehead products are expressed as
commutators. A modern treatment of Fox torus homotopy groups and their generalization
has been given and studied. In this note, we further explore these groups and their proper-
ties. We discuss co-multiplications on Fox spaces and Jacobi identities for the generalized
Whitehead products and the Γ-Whitehead products.
Introduction
In an attempt to give a geometric interpretation of the Whitehead product of [27], R. Fox
[9, 10] introduced the so-called torus homotopy groups τn(X, x0) of a space X . For each
n ≥ 1, the group τn(X, x0) is completely determined by the classical homotopy groups
πk(X, x0) for k ≤ n and the Whitehead products of the elements of πk(X, x0). In fact, for
any given α ∈ πm(X, x0) and β ∈ πn(X, x0), the Whitehead product [α, β] when considered
as an element in τk(X, x0), k ≥ n+m− 1, is a commutator.
The Fox torus homotopy groups were given a modern interpretation and were generalized
in [13]. Evaluation subgroups of τn were defined and their relationships with the classical
Gottlieb groups were also studied. Moreover, it was shown in [13] that the generalized
Whitehead product when embedded in the same spirit as [2] in a larger (and different) group
is a commutator as well.
In 1954, M. Nakaoka and H. Toda [20] proved a Jacobi identity for the classical Whitehead
products involving elements in higher homotopy groups. In fact, they gave two such proofs
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one of which made use of the Fox torus homotopy groups. We should point out that H.
Suzuki (1954)[25], G. Whitehead (1954)[29], S.C. Chang (1954)[6], P. Hilton (1955)[16],
H. Uehara and W. Massey (1957)[26], and W. Barcus and M. Barratt (1958)[3] obtained
the same or similar Jacobi identities independently. Furthermore, Barcus and Barratt also
derived a Jacobi identity in which one of the elements is in the fundamental group. In 1961,
P. Hilton [17] published a short note extending the Jacobi identity by allowing elements from
the fundamental group.
For the generalized Whitehead product1, the Jacobi identity was first proved by D. Cohen
(1957)[7, Section 5.8], in the language of carrier theory. It was pointed out by M. Arkowitz
that such identity was also obtained in his doctoral dissertation (1960). When A,B and
C are suspensions, the Jacobi identity was obtained independently by J. Boardman and B.
Steer (1967)[5, Equation (4.4)], and by H. Ando (1968)[1, Theorem 5.4]. The most general
form of the Jacobi identity was due to J.W. Rutter (1968)[23, 24] who presented two proofs
of the Jacobi identity for the generalized Whitehead product, under the assumption that
ΣA,ΣB, and ΣC are homotopy co-commutative. We should point out that J. Neisendorfer
(1980) proved a Jacobi identity [21, Proposition 9.10], for the external Samelson product
〈·, ·〉 for [Z1, G], [Z2, G], and [Z3, G] where each Zi is co-abelian (i.e., Zi has weak category
≤ 1) and G is group-like. In fact, 〈·, ·〉 is the same as the generalized Whitehead product
[28, p. 467]. When G = ΩX , Corollary 9.72 of [21] implies that [Z,ΩX ] = [ΣZ,X ] is an
abelian group when Z is co-abelian. This means that ΣZ is homotopy co-commutative.
Thus the Jacobi identity of Neisendorfer’s follows from that of Rutter’s. Furthermore, there
are examples due to W. Gilbert [11] (see also [8, Example 2.60, p. 70]) where a space X is
not co-abelian while ΣX is homotopy co-commutative.
The objective of this paper is to further explore the Fox torus homotopy groups and their
generalizations. In particular, Section 1 takes up the study of Fox torus homotopy groups of
spheres, Eilenberg-MacLane spaces, and Fox spaces. Section 2 explores Fox spaces Fn and
their co-multiplication sets C(Fn) for n ≥ 1. Section 3 is concerned with Jacobi identities
for the generalized Whitehead product studied in [7, 2, 18, 5, 1, 21, 23, 24, 22]. By using
the generalized Fox torus groups studied in [13], we give a unified approach to the Jacobi
identities of Rutter’s [23] and of Hilton’s [17]. In Section 4, we generalize the Fox torus
groups to Γ-Fox torus groups for any co-grouplike space Γ. We improve the Jacobi identity
in [22] for the Γ-Whitehead product.
1The generalized Whitehead products of [1, 2, 7] are slightly different from the others although they are
all defined based upon commutators.
2When Z is a connected CW -complex, this result was already obtained by I. Berstein and T. Ganea [4,
Corollary 3.3].
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1. Fox spaces
First, we recall from [9, 10] the definition of the n-th Fox torus homotopy group of a pointed
space X , for n ≥ 1. Let x0 be a basepoint of X , then
τn(X, x0) = π1(X
Tn−1 , x0)
where XT
n−1
denotes the space of unbased maps from the (n − 1)-torus T n−1 to X and x0
is the constant map at x0. When n = 1, τ1(X, x0) = π1(X, x0).
To re-interpret Fox’s result, we showed in [13] that
τn(X, x0) ∼= [Σ(T
n−1 ⊔ ∗), X ]
the group of homotopy classes of basepoint preserving maps from the reduced suspension of
T n−1 adjoined with a distinguished point to X . As a result, we call Fn = Σ(T
n−1 ⊔ ∗) the
n-th Fox space with F1 = S
1 the circle.
One of the main results of [10] is the following split exact sequence:
(1.1) 0→
n∏
i=2
πi(X, x0)
αi(n) → τn(X, x0)
L99
→ τn−1(X, x0)→ 1
where αi(n) is the binomial coefficient
(
n−2
i−2
)
.
With the isomorphism τn−1(ΩX) ∼=
∏n
i=2 πi(X, x0)
αi(n) shown in [13, Theorem 1.1], (1.1)
becomes
(1.2) 0→ τn−1(ΩX)→ τn(X)
L99
→ τn−1(X)→ 1
or equivalently
0→ [ΣFn−1, X ]→ [Fn, X ]
L99
→ [Fn−1, X ]→ 1.
Using (1.1), the following is easy to verify.
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Proposition 1.1. For any pointed space X with basepoint x0, τk(X, x0) = 1, for all k ≤ n
if and only if πk(X, x0) = 1, for all k ≤ n. Moreover, τn(X, x0) ∼= πn(X, x0) if and only if
X is (n− 1)-connected.
For any n ≥ 1, the n-th Fox space Fn has the homotopy type of ΣT
n−1 ∨ S1. In fact, the
natural isomorphism
[Fn, X ] ∼= [ΣFn−1, X ]⋊ [Fn−1, X ]
from the split exact sequence (1.2) yields:
Proposition 1.2. For any integer n > 1, we have a homotopy equivalence
Fn ≃ ΣFn−1 ∨ Fn−1.
As already pointed out in [10], one can define a Hurewicz homomorphism ρn : τn(X, x0) →
Hn(X ;Z), where Z is the group of integers. It follows from Proposition 1.1 that the (absolute)
Hurewicz Isomorphism Theorem holds for the torus homotopy groups as in the classical case.
Example 1.3. Let X = Sn, the n-sphere. For all k ≤ n, τk(S
n) = πk(S
n). Using (1.1), we
have τn+1(S
n) ∼= πn+1(S
n)⋊ πn(S
n). More generally, we use (1.2) to obtain
τm(S
n) ∼= τm−1(ΩS
n)⋊ τm−1(S
n).
Example 1.4. Let X = K(π, n) be an Eilenberg-MacLane space of type (π, n) for some
abelian group π and n ≥ 2. It follows from (1.1) that
(1.3) τm(X) ∼=
m∏
i=2
πi(X, x0)
αi(m) ⋊ τm−1(X).
Since X = K(π, n), we get τm(X) ∼= πm(X) = 1 for m < n and τn(X) = πn(X) = π. For
k ≥ 1, (1.3) yields
τn+k(X) ∼= π
αn(n+k) ⋊ τn+k−1(X).
The semi-direct product structure comes from the Whitehead products which are all trivial
since X = K(π, n). Hence, we conclude that τn+k(X) is a direct sum, i.e.,
τn+k(X) ∼=
k⊕
j=0
πn(X)
αn(n+j) ∼= π
Pk
j=0 (
n−2+j
n−2 )
for any k ≥ 0. Using a straighforward application of the Pascal’s triangles one obtains that
k∑
j=0
(
n− 2 + j
n− 2
)
=
k∑
j=0
(
n− 2 + j
j
)
=
(
n + k − 1
k
)
.
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Therefore, for any space X of type K(π, n), we have
τm(X) =


1, if m < n;
π(
m−1
m−n), if m ≥ n.
If n = 1, that is, X = K(π, 1), then it is easy to show that τk(X) ∼= π, for all k ≥ 1.
Next, we show that the wreath product ≀ appears in the second torus homotopy group of the
Fox space Fn.
Example 1.5. For any positive integer n, consider the n-th Fox space Fn. It was shown in
[13] that Fn has the homotopy type of a bouquet of spheres. More precisely,
Fn ≃
n∨
i=1
(Si)
γi(n),
where γi(n) is the binomial coefficient
(
n−1
i−1
)
. It follows that π1(Fn) ∼= Z and
π2(Fn) ∼= π2(F˜n) ∼=
∞⊕
j=−∞
(Zn−1)j,
where F˜n denotes the universal cover of Fn. Now, (1.1) leads to the wreath product
τ2(Fn) ∼= π2(Fn)⋊ τ1(Fn) ∼= Z
n−1 ≀ Z
since the action of π1 on the universal cover is the translation along the real line which covers
the only copy of S1 in Fn.
Moreover, Fm ≃
∨m
i=1 (S
i)
γi(m) is a homotopy retract of Fn ≃
∨n
i=1 (S
i)
γi(n) provided that
m ≤ n. Therefore, we derive:
Proposition 1.6. Let m ≤ n. Then, there is an inclusion of groups
τk(Fm) ⊆ τk(Fn)
for k ≥ 1.
Remark 1.1. The calculation of the torus homotopy groups of an Eilenberg-MacLane
space X of type K(π, n) in Example 1.4 can be done directly as follows. Note that Fm ≃∨m
i=1 (S
i)(
m−1
i−1 ). Therefore for m ≥ n, the number of n-spheres in Fm is precisely
(
m−1
n−1
)
=(
m−1
m−n
)
. The fact that the Whitehead products all vanish implies that τm(X) is isomorphic to
the direct sum of
(
m−1
m−n
)
copies of π. We should point out that the co-multiplication of Fm
does not yield a different group structure on τm(X) because X has no non-trivial homotopy
groups in dimensions other than n.
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2. Generalized Fox torus groups and co-multiplication
In this section, we further explore the Fox spaces and examine co-multiplications on them.
The functor τn was generalized in [13] as follows.
Definition 2.1. Let X be a space and x0 ∈ X . For any space W , the W -Fox group of X is
defined to be
τW (X, x0) = [Σ(W ⊔ ∗), X ].
It is clear that τW reduces to τn when W = T
n−1.
We can further generalize Proposition 1.2 by the following construction. For any pointed
W , we let
F(W ) = ΣW ∨W.
Then, for any n ≥ 2,
Fn(W ) = ΣFn−1(W ) ∨ Fn−1(W )
or
Fn(W ) = (S
1 ∧ Fn−1(W )) ∨ Fn−1(W )
with F1(W ) =W . Certainly, Fn(S
1) ≃ Fn. Furthermore, we can easily check that
[F(W ), X ] = [W,AF(X)]
for any pointed space W where AF(X) = X × ΩX .
The definition of τW prompts another generalization of the Fox space as follows.
Definition 2.2. For any n ≥ 2, we let
Fˆn(W ) = Σ(W
n−1 ⊔ ∗).
It follows that when W = S1, we have Fn = Fˆn(S
1) ≃ Fn(S
1).
Consider the suspension co-multiplication on Fˆn(S
1). While Fˆn(S
1) and Fn(S
1) are homotopy
equivalent, they are not as co-H-spaces. To see that compare [Fˆ2(S
1), F2] with [F2(S
1), F2].
Then, [Fˆ2(S
1), F2] = τ2(F2) ∼= (
⊕
∞
j=−∞ (Z)j)⋊Z = Z ≀Z, by the calculation in Example 1.5.
On the other hand, F2(S
1) = ΣS1 ∨ S1 = S2 ∨ S1. It follows that
[F2(S
1), F2] ∼= [S
2 ∨ S1, S2 ∨ S1]
∼= [S2, S2 ∨ S1]⊕ [S1, S2 ∨ S1]
∼= (
∞⊕
j=−∞
(Z)j)⊕ Z.
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Following e.g., [12, Proposition 1.1], the kernel of the obvious epimorphism
[Fn(S
1),Fn(S
1) ∨ Fn(S
1)]→ [Fn(S
1),Fn(S
1)× Fn(S
1)]
is in 1-1 correspondence with the set C(Fn(S
1)) of co-multiplications on the co-H-space
Fn(S
1) for n ≥ 1. Because Fn(S
1) ≃ Fn ≃
∨n
i=1(S
i)γi(n), we get the epimorphism
[∨n
i=1
(Si)γi(n),
∨n
i=1
(Si)γi(n)∨
∨n
i=1
(Si)γi(n)
]
→
[∨n
i=1
(Si)γi(n),
∨n
i=1
(Si)γi(n)×
∨n
i=1
(Si)γi(n)
]
.
Furthermore, π1(Fn(S
1)) ∼= Z, πk(Fn(S
1)) ∼= πk(
∨
∞
j=−∞
∨n
i=2(S
i)γi(n)) and π1(Fn(S
1)∨Fn(S
1)) ∼=
Z ∗ Z, πk(Fn(S
1) ∨ Fn(S
1)) ∼= πk(
∨
j∈Z∗Z
∨n
i=2((S
i)γi(n) ∨ (Si)γi(n))) for k ≥ 2, where Z ∗ Z is
the free group on two generators.
In particular, for F1(S
1) ≃ S1 and F2(S
1) ≃ S2 ∨ S1, we get the epimorphisms
Z ∗ Z −→ Z⊕ Z
and ⊕
j∈Z∗Z
(Z⊕ Z)j ⊕ (Z ∗ Z) −→
⊕
j∈Z⊕Z
(Z⊕ Z)j ⊕ (Z⊕ Z).
Hence, we can derive:
Corollary 2.3. There are bijections C(F1(S
1)) ∼= (Z ∗ Z)′ and C(F2(S
1)) ∼= (Z ∗ Z)′, where
(Z ∗ Z)′ denotes the commutator subgroup of Z ∗ Z which is an infinitely generated group.
Remark 2.1. Observe that πk(
∨
j∈J
∨n
i=2(S
i)γi(n)) ∼= colimJ ′πk(
∨
j′∈J ′
∨n
i=2(S
i)γi(n)) and
πk(
∨
j∈J
∨n
i=2
((Si)γi(n) ∨ (Si)γi(n))) ∼= colimJ ′πk(
∨
j′∈J ′
∨n
i=2
((Si)γi(n) ∨ (Si)γi(n))),
where J ′ ⊆ J runs over all finite subsets of J . Hence, we can make use of Hilton’s result
[16] so that the set of multiplications C(Fn(S
1)) might be expressed by means of homotopy
groups of appropriate spheres for n ≥ 1.
Similar to the Fox space, the co-multiplication of Fˆn(W ) that yields τWn−1(X) = [Σ(W
n−1⊔
∗), X ] = [Fˆn(W ), X ] is given by the following split exact sequence which can be deduced
from [13, Theorem 3.1]:
(2.1) 1→ [ΣPn−1(W ), X ]→ τWn−1(X)
L99
→ τWn−2(X)→ 1
which is the same as
1→ [ΣPn−1(W ), X ]→ [Fˆn(W ), X ]
L99
→ [Fˆn−1(W ), X ]→ 1.
Here, Pn(W ) = W
n/W n−1 is the n-fold pinched space of W .
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Hence, [Fˆn(W ), X ] ∼= [ΣPn−1(W ), X ]⋊ [Fˆn−1(W ), X ] is the semi-direct product with respect
to a natural action
[Fˆn−1(W ), X ]× [ΣPn−1(W ), X ]→ [ΣPn−1(W ), X ].
In particular, for X = Fˆn−1(W ) ∨ ΣPn−1(W ), by the natural bijection [Fˆn−1(W ), X ] ×
[ΣPn−1(W ), X ] ∼= [Fˆn−1(W ) ∨ ΣPn−1(W ), X ], the identity map idX is sent to the corre-
sponding co-action
α : ΣPn−1(W )→ Fˆn−1(W ) ∨ ΣPn−1(W ).
Furthermore, the natural bijection [ΣPn−1(W ), X ] ⋊ [Fˆn−1(W ), X ] ∼= [Fˆn(W ), X ] for any
space X yields a homotopy equivalence
Fˆn(W ) ≃ ΣPn−1(W ) ∨ Fˆn−1(W ).
Now, write ν : ΣPn−1(W )→ ΣPn−1(W )∨ΣPn−1(W ) for the suspension co-multiplication on
ΣPn−1(W ) and νn−1 : Fˆn−1(W )→ Fˆn−1(W )∨Fˆn−1(W ) for the co-multiplication on Fˆn−1(W ).
Then, the maps
ν1n : Fˆn−1(W )
νn−1
→ Fˆn−1(W ) ∨ Fˆn−1(W ) →֒ Fˆn(W ) ∨ Fˆn(W )
and
ν
2
n : ΣPn−1(W )
ν
→ ΣPn−1(W )∨ΣPn−1(W )
α∨1
→ Fˆn−1(W )∨ΣPn−1(W )∨ΣPn−1(W ) →֒ Fˆn(W )∨Fˆn(W )
lead to the suspension co-multiplication
νn : Fˆn(W ) −→ Fˆn(W ) ∨ Fˆn(W )
on the space Fˆn(W ). Thus, we have shown:
Theorem 2.4. For any n > 1, the co-multiplication on the homotopy type Fˆn(W ) ≃
ΣPn−1(W ) ∨ Fˆn−1(W ) of the space Fˆn(W ) that corresponds to the group structure on τWn−1
is given by the map constructed above
νn : Fˆn(W ) −→ Fˆn(W ) ∨ Fˆn(W ).
Recall from [13] that the n-th Fox space Fn = Fˆ
n(S1) has the same homotopy type, as
pointed spaces, of the pinched torus T n/T n−1 and by Proposition 2.2, Fn ≃ ΣFn−1 ∨ Fn−1.
Hence, in light of Theorem 2.4, we derive:
Corollary 2.5. The co-multiplication on the homotopy type Fn ≃ ΣFn−1 ∨ Fn−1 of the Fox
space Fn that corresponds to the group structure on τn is given by Theorem 2.4 for W = S
1.
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We end this section by noting that Pn(W ) is not homotopy equivalent to Fˆn(W ) in general.
For example, P2(T
2) = T 4/T 2 whereas Fˆ2(T 2) = F3.
3. Jacobi identities for generalized Whitehead products
In [17], P. Hilton gave a Jacobi identity for the Whitehead product allowing elements of the
fundamental group. While the classical Jacobi identity (for elements in higher homotopy
groups) of [20] has been generalized for the generalized Whitehead product, Hilton’s result
[17] has not. In this section, we give a unified approach to the Jacobi identities of Rutter’s
and Hilton’s using the generalized Fox torus groups studied in [13]. We extend Rutter’s
result by allowing ΣC = S1 or ΣB = ΣC = S1, thereby generalizing Hilton’s result for
the generalized Whitehead product. When one of the spaces is co-H , we can define the
generalized Whitehead product via a group action similar to the treatment of Rutter’s in
[23] except that Rutter assumed one of the spaces to be a suspension.
Now let A and B be pointed spaces. Via the projections pA : ((A × B) ⊔ ∗) → A and
pB : ((A × B) ⊔ ∗) → B, we can regard [ΣA,X ] and [ΣB,X ] as subgroups of τA×B(X).
Following [18], recall that for any α ∈ [ΣA,X ] and β ∈ [ΣB,X ], the generalized Whitehead
product of α and β is the element [α, β] = [K ′], where K ′ : Σ(A∧B)→ X is induced by the
map
K = f ′ · g′ · f ′−1 · g′−1 : Σ(A× B)→ X
which, when restricted to ΣA ∨ ΣB, is homotopic to a constant. Here, f : ΣA → X ,
g : ΣB → X are maps representing α and β, respectively and f ′ = fΣpA, g
′ = gΣpB.
Using the co-multiplication of Σ(A × B), K is a well-defined map. It is easy to observe
that [α, β] = −(Σt)∗[β, α], where t : A ∧ B → B ∧ A is the switching equivalence of smash
products.
In [13], we gave another interpretation of the generalized Whitehead product as follows3.
Theorem 3.1. Let α ∈ [ΣA,X ] and β ∈ [ΣB,X ]. Then, the image of [α, β] in τA×B(X)
given by the homotopy class of the composite
Σ((A×B) ⊔ ∗)→ Σ(A× B)→ Σ(A ∧B)
K ′
→ X
is the commutator of the images of α and β in τA×B(X).
3This differs from Theorem 4.1 of [13] in which the generalized Whitehead product of [2] was used.
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For any pointed spaces A and B with disjoint unions A⊔∗1 and B⊔∗2, we have the following
identification
(A ⊔ ∗1) ∧ (B ⊔ ∗2) ≈ (A× B) ⊔ ∗3,
where ∗3 corresponds to (A ⊔ ∗1) ∨ (B ⊔ ∗2) in the quotient (A ⊔ ∗1) ∧ (B ⊔ ∗2). Since, by
definition, τW (X) = [Σ(W ⊔ ∗), X ], it follows that the generalized Whitehead product takes
the form of
τA(X)× τB(X)→ τA×B(X).
Hence, for α ∈ [Σ(A ⊔ ∗1), X ] and β ∈ [Σ(B ⊔ ∗2), X ], the generalized Whitehead product
[α, β] ∈ [Σ((A ⊔ ∗1) ∧ (B ⊔ ∗2)), X ] = τA×B(X) is a commutator.
Thus, the following diagram
(3.1)
τA(X)× τB(X)
(−,−)
−−−→ τA×B(X)x
x
[ΣA,X ]× [ΣB,X ]
GWP
−−−→ [Σ(A ∧ B), X ]
is commutative.
By using the canonical maps (A ⊔ ∗1) → A and (B ⊔ ∗2) → B, the image of [α, β] given
by the composite map in Theorem 3.1 factors through τA(X)× τB(X). Furthermore, when
A = Tm−1 and B = T n−1, the generalized Whitehead product takes the form of
GWP : τm(X)× τn(X)→ τm+n−1(X).
This means that the generalized Whitehead product gives rise to a Whitehead type product
on the Fox torus homotopy groups {τk(X)}. Moreover, if we denote by WP the classical
Whitehead product πm(X)× πn(X)→ πm+n−1(X) then we have the following commutative
diagram
(3.2)
τm(X)× τn(X)
GWP
−−−→ τm+n−1(X)
jm×jn
x
xjm+n−1
πm(X)× πn(X)
WP
−−−→ πm+n−1(X),
where jk is the inclusion
∏k
i=2 πi(X, x0)
αi →֒ τk(X) in the split exact sequence (1.1) restricted
to the only copy πk(X).
For any group G, Hall [15, p. 150, 10.2.1.4] established the following Jacobi identity for
elements a, b, c ∈ G:
(⋆) (b−1, a, c)b(c−1, b, a)c(a−1, c, b)a = 1,
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where (x, y, z) = ((x, y), z), (x, y) denotes the commutator xyx−1y−1 and xy = yxy−1 for
x, y, z ∈ G. Furthermore, it can be easily shown
(⋆⋆) ((y−1, x), z)y = ((x, y), z)((x, y), (z−1, y))z.
To state our Jacobi identity for the generalized Whitehead product, we first recall from [14,
Theorem 8.22] the following:
Lemma 3.2. The natural transformations A ∧ B ∧ C → (A ∧ B) ∧ C and A ∧ B ∧ C →
A∧ (B ∧C) are homotopy equivalences provided that A,B and C have the homotopy type of
pointed compactly generated Hausdorff spaces.
Now, we prove the main result of this section. We shall write the operation in τA×B×C(X)
additively.
Theorem 3.3. Let A,B and C be pointed spaces with the homotopy type of compactly gen-
erated Hausdorff spaces. Suppose α ∈ [ΣA,X ], β ∈ [ΣB,X ] and γ ∈ [ΣC,X ] and denote by
α¯, β¯, and γ¯ the respective images in τA×B×C(X). Then
(1)
(Σt213)
∗[[β¯−1, α¯], γ¯]β¯ + (Σt321)
∗[[γ¯−1, β¯], α¯]γ¯ + (Σt132)
∗[[α¯−1, γ¯], β¯]α¯ = 1,
where tijk is the appropriate twisting function for i, j, k = 1, 2, 3.
(2) If ΣA, ΣB and ΣC are homotopy co-commutative co-H-spaces, then
[[α, β], γ] + (Σt312)
∗[[γ, α], β] + (Σt231)
∗[[β, γ], α] = 0.
(3) If each of ΣA,ΣB, and ΣC is either homotopy co-commutative or equal to S1 then
(Σt213)
∗β · [[β−1, α], γ] + (Σt321)
∗γ · [[γ−1, β], α] + (Σt132)
∗α · [[α−1, γ], β] = 1
where
ξ · η =


η, if ξ ∈ [ΣW,X ] and W 6= S0;
ηξ, if ξ ∈ π1(X).
Proof. The first assertion (1) follows from the fact that the generalized Whitehead product
[−,−] in τA×B×C(X) coincides with the group theoretic commutator and the Jacobi identity
(⋆) together with the appropriate twisting functions.
For (2), we may assume, based upon the discussion above, that α, β, γ ∈ τA×B×C(X). Thence,
by (⋆), we get
((β−1, α), γ)β((γ−1, β), α)γ((α−1, γ), β)α = 1
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in the group τA×B×C(X). But, by means of (⋆⋆), ((β
−1, α), γ)β = ((α, β), γ)((α, β), (γ−1, β))γ.
Because of a homemorphism Σ((A × C) ∧ B) ≈ (A × C) ∧ ΣB, both elements (α, β) and
(γ−1, β) lie in the image of the abelian group [Σ((A×C)∧B), X ] in the group τA×B×C(X) and
we deduce that ((α, β), (γ−1, β))γ = 1. Similarly, ((β, γ), (α−1, γ))α = ((γ, α), (β−1, α))β = 1.
Finally, in light of Theorem 3.1, the following equation
[[α, β], γ] + (Σt231)
∗[[β, γ], α] + (Σt312)
∗[[γ, α], β] = 0
holds in the image of the abelian group [Σ(A ∧B ∧C), X ] in the group τA×B×C(X) and (2)
is proven. This is the same as [23, Theorem 1] but our spaces need not be CW complexes.
To prove (3), we note that the convention ξ · η is valid for the following reasons. When ξ is
not in π1(X), the image of η
ξ is conjugation in the group τ and this will yield ξ under the
assumption that η ∈ [ΣB,X ] and ΣB is co-commutative. On the other hand, if ξ ∈ π1(X)
then ηξ is given by the classical action of π1(X). Now, (3) is simply the same as (1) when
pulled back to [ΣA ∧ B ∧ C,X ]. This is a generalization of formula (12) of Hilton’s [17]. 
Note that the obvious pointed projection A ⊔ ∗ → S0 leads to the inclusion π1(X) ⊆ τA(X)
for any nonempty topological space A and a pointed space X . In fact, it has been shown in
[13] that τA(X) ∼= [ΣA,X ]⋊ π1(X) for any pointed spaces A and X . Furthermore, this can
be deduced from the following split exact sequence of [13, Theorem 3.1]
(3.3) 1→ [(V ×W )/V,ΩX ]→ τV×W (X)
L99
→ τV (X)→ 1
which generalizes that of Fox.
When V is a point and W = A, we have τA(X) ∼= [ΣA,X ] ⋊ π1(X). The splitting (3.3)
gives the classical action of π1(X) on [ΣA,X ]. Furthermore, when V = A and W = B,
this splitting gives rise to an action of [ΣA,X ] (⊆ τA(X)) on [(A × B)/A,ΩX ]. Since
[(A × B)/A,ΩX ] = [Σ((A × B)/A), X ] ∼= [Σ(A ∧ B), X ] ⋊ [ΣB,X ], we have an action of
[ΣA,X ] on [Σ(A ∧ B), X ]⋊ [ΣB,X ].
Next, we give an alternative definition of the generalized Whitehead product when one of
the spaces is co-H , thereby generalizing that of Rutter’s [23].
When B is a co-H space, it follows from the proof of [13, Theorem 3.1] that Σ((A ×
B)/A) ≃ Σ(B ∨ (A ∧ B)) is co-commutative so that [Σ((A × B)/A), X ] is abelian and
[Σ((A × B)/A), X ] ∼= [Σ(A ∧ B), X ] × [ΣB,X ]. Given α ∈ [ΣA,X ] and β ∈ [ΣB,X ], we
define
α ∗ β := α · β˜
as the action of α on the image β˜ of β by the inclusion [ΣB,X ] →֒ [Σ(A∧B), X ]⋊ [ΣB,X ].
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Then, the image of the generalized Whitehead product [α, β] is given by the following relation
in the group τA×B(X):
(3.4) α ∗ β = [α, β] + β¯.
Evidently, if A is co-H , then one can define a similar action β ∗ α so that (3.4) becomes
β ∗ α = [β, α] + α¯. These actions are analogous to the actions given in [23, Theorem 2].
4. Γ-Fox groups and Jacobi identities
In [22], N. Oda defined a generalization of the generalized Whitehead product (Γ-Whitehead
product) by replacing the suspension Σ with the smash product with a co-grouplike space Γ.
A Jacobi identity was given in [22, Theorem 2.11] for [Γ ∧ A,X ], [Γ ∧B,X ] and [Γ ∧ C,X ].
In the case when Γ = S1, Oda established the same Jacobi identity as Rutter under the
assumption that A,B and C be co-H spaces. Thus, Rutter’s result does not follow from
Oda’s since Oda’s hypotheses imply that ΣA,ΣB and ΣC are necessarily homotopy co-
commutative but a space Z need not be co-H while ΣZ is homotopy co-commutative.
We end the paper by showing that the Fox group τW (X) can easily be generalized by replacing
Σ with Γ and thus we can obtain the same kind of Jacobi identities as in the last section.
These identites generalize those obtained in [22].
Definition 4.1. Let X be a space and x0 ∈ X and Γ a co-grouplike space. For any space
W , the W -Γ-Fox group of X is defined to be
τΓM(X) = τ
Γ
W (X, x0) = [Γ ∧ (W ⊔ ∗), X ].
Note that
τΓW (X) = [Γ(W ⊔ ∗), X ] = [(W ⊔ ∗) ∧ Γ, X ] = [(W ⊔ ∗), X
Γ
∗
],
where XΓ
∗
denotes the space of basepoint preserving maps from Γ to X . Following the
notation of [22], we write ΓW = Γ ∧W .
Theorem 4.2. Let Γ be a co-grouplike space and B a well-pointed space. Then for any
pointed space X and any space A, the following sequence
(4.1) 1→ [Γ((A× B)/A), X ]→ τΓA×B(X)
L99
→ τΓA(X)→ 1
is split exact.
Proof. The space B is well-pointed, so we can consider the split cofibration
A ⊔ ∗
L99
→ (A× B) ⊔ ∗ → (A×B)/A.
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The corresponding Barrett-Puppe sequence yields the following short split-exact sequence
(4.2) 1→ [(A× B)/A, Z]→ [(A× B) ⊔ ∗, Z]
L99
→ [A ⊔ ∗, Z]→ 1
of pointed sets for any pointed space Z. For Z = XΓ
∗
using the adjoint isomorphism, (4.2)
yields the desired short split-exact sequence. 
In particular, we have the following:
Corollary 4.3. Let W be a well-pointed space. Then the split cofibration ∗⊔∗ →W⊔∗ →W
leads to the isomorphism
τΓW (X)
∼= [ΓW,X ]⋊ [Γ, X ].
Given α ∈ [ΓA,X ], β ∈ [ΓB,X ], the Γ-Whitehead product [α, β]Γ ∈ [Γ(A ∧ B), X ] is defined
(see [22]) in the same way as the generalized Whitehead product GWP by simply replacing
Σ by Γ. The co-multiplication of Γ allows the proof of Theorem 4.1 of [13] to remain valid
when GWP is replaced by [−,−]Γ. Thus, the proof of Theorem 4.1 of [13] yields the following
Γ-analog of Theorem 3.1.
Theorem 4.4. Let α ∈ [ΓA,X ] and β ∈ [ΓB,X ]. Then, the image of [α, β]Γ in τ
Γ
A×B(X)
given by the homotopy class of the composite
Γ((A×B) ⊔ ∗)→ Γ(A×B)→ Γ(A ∧B)
K ′
Γ→ X
is the commutator of the images of α and β in τΓA×B(X).
Finally, we observe that the proof of Theorem 3.3 remains valid when we replace Σ with Γ
and the generalized Whitehead product with the Γ-Whitehead product. Thus, we have:
Theorem 4.5. Let A,B and C be pointed spaces with the homotopy type of compactly gen-
erated Hausdorff spaces and let Γ be a co-grouplike space. Suppose α ∈ [ΓA,X ], β ∈ [ΓB,X ]
and γ ∈ [ΓC,X ] and denote by α¯, β¯, and γ¯ the respective images in τΓA×B×C(X). Here [−,−]Γ
denotes the corresponding Γ-Whitehead product. Then
(1)
(Γt213)
∗[[β¯−1, α¯]Γ, γ¯]
β¯
Γ + (Γt321)
∗[[γ¯−1, β¯]Γ, α¯]
γ¯
Γ + (Γt132)
∗[[α¯−1, γ¯]Γ, β¯]
α¯
Γ = 1.
(2) If ΓA, ΓB and ΓC are homotopy co-commutative co-H-spaces, then
[[α, β]Γ, γ]Γ + (Γt312)
∗[[γ, α]Γ, β]Γ + (Γt231)
∗[[β, γ]Γ, α]Γ = 0.
(3) If each of ΓA,ΓB, and ΓC is either homotopy co-commutative or equal to Γ then
(Γt213)
∗β · [[β−1, α]Γ, γ]Γ + (Γt321)
∗γ · [[γ−1, β]Γ, α]Γ + (Γt132)
∗α · [[α−1, γ]Γ, β]Γ = 1
14
where
ξ · η =


η, if ξ ∈ [ΓW,X ] and ΓW 6= Γ;
ηξ, if ξ ∈ [Γ, X ].
Remark 4.1. For the Γ-Whitehead product, one can give an alternative definition in terms
of a group action similar to (3.4) under the hypothesis that one of the spaces is co-H .
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